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Abstract
The method of calculation of ε-expansion in model of scalar field with ϕ3-interaction based on conformal boot-
strap equations is proposed. This technique is based on self-consistent skeleton equations involving full propagator
and full triple vertex. Analytical computations of the Fisher’s index η are performed in four-loop approximation.
The three-loop result coincides with one obtained previously by the renormalization group equations technique
based on calculation of a larger number of Feynman diagrams. The four-loop result agrees with its numerical value
obtained by other authors.
1 Introduction.
Calculation of critical exponents is one of the main problems in the theory of critical behavior. One of the very
effective ways of its solving is the renormalization group equations technique. It enables us to construct ε-expansions,
that is, power series in deviation ε from the logarithmic dimension. Another method which is used for description
of the system behavior at critical points is the self-consistent equations which result from discarding all the bare
contributions in the skeleton equations for Green’s functions [1—5]. Is was used for construction of 1/n-expansions
in the O(n)-symmetric (ϕ2)2 model. The main advantage of this method is the significant reduction in the number
of Feynman’s diagrams required for solving of the problem. The self-consistent equations for full propagator and full
triple vertex are the base of the conformal bootstrap technique which was used for calculation of 1/n3-correction to
the index η in (ϕ2)2 model [5]. In the present paper, we propose to use this method for construction of the ε-expansion
in ϕ3 model and compute the ε4-correction to the index η. For calculation of the Feynman’s graphs with necessary
accuracy we use the methods described in [1, 6—9].
2 Conformal bootstrap method for ϕ3-theory.
We investigate the use of conformal bootstrap technique for the simplest massless ϕ3 theory with one scalar field ϕ(x):
L = 1
2
(∂ϕ)2 +
λ
3!
ϕ3
in the Euclidian space of the dimension d = 6 + 2ε. The propagator and the vertex function in non-logarithmic
dimension (ε 6= 0) are known to be the power functions of coordinates:
D(x1, x2) =
A
(x1 − x2)2α , Γ(x1, x2, x3) =
C
(x1 − x2)2a(x1 − x3)2a(x2 − x3)2a
where α = d2 − 1 + η2 , η is a critical exponent, a = d−α2 . Our aim is to find η in the form of ε-expansion up to ε4:
η = η1ε+ η2ε
2 + η3ε
3 + η4ε
4 +O(ε5).
The system of equations of the conformal bootstrap is the following [1, 5]:{
V (α, u;ω)|ω=0 = 1,
2p(α) = uS(α)∂V (α,u;ω)∂ω
∣∣∣
ω=0
(1)
where p(α) = π−dH(α−d/2, d/2−α), S(α) = π2d H(α,α,α,a,a,a,d/2+a−α)Γ(d/2) , H(z) = Γ(z
′)
Γ(z) , Γ(z) is the Euler’s gamma func-
tion, z′ = d/2− z, H(z1, z2, z3, ...) = H(z1)H(z2)H(z3)..., u = C2A3 (a renorm-invariant combination of amplitudes).
The function V (α, u;ω) is defined by the condition:
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For calculation of η4 we need to take into consideration the following diagrams:
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We have
V = γ1u+
1
2
γ2u
2+(γ31+ γ32a+ γ32b+ γ32c)u
3+(3γ41+3γ42+6γ43+6γ44+3γ45+
3
2
γ46+3γ47+3γ48+
1
2
γ49)u
4+ ...
We chose the dimension d = 6 + 2ε because all these diagrams converge with d > 6 only.
There are 3 major formulas of calculation of massless diagrams:
loop: q q = q q
z1
z2
z1 + z2 , chain: q q qz1 z2 = πd/2H(z1, z2, d− z1 − z2) q qz1 + z2 − d/2 ,
unique triple vertex:
q q
q
q
✟✟❍❍
z1 z2
z3
= πd/2H(z1, z2, z3) q q
q
✡
✡
✡❏
❏
❏
z′
1
z′
2
z′
3
with z1 + z2 + z3 = d
where line with index z is: q qz
x1 x2
= 1(x1−x2)2z ,
if the index of line is not specified, that it is equal to unity: q qx1 x2= 1(x1−x2)2 .
2
Using the inversion transformation we reduce three-tail diagrams to two-tail ones. We illustrate this with the
example of γ1.
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We denote:
Ψ(α;ω) ≡ πdH(α, α, a+ ω, a+ α′ − ω).
We have
γ1 = Ψγ
′
1;
∂γ1
∂ω
=
∂Ψ
∂ω
γ′1 +Ψ
∂γ′1
∂ω
.
The function Ψ has the following attribute:
Ψ ∼ 1
c1ε+ c2ω
.
We, therefore, have
Ψ|ω=0 ∼ 1
ε
;
∂Ψ
∂ω
∣∣∣∣
ω=0
∼ 1
ε2
.
The graph γ′1 has second order pole in ε and differentiation in ω does not increase the singularity in ε:
γ′1|ω=0 ∼
1
ε2
;
∂γ′1
∂ω
∣∣∣∣
ω=0
∼ 1
ε2
.
Therefore, to compute γ1 with desired accuracy we need to calculate 4 terms in ε for γ
′
1|ω=0 and 3 terms for ∂γ
′
1
∂ω
∣∣∣
ω=0
.
Two button vertexes of the diagram γ′1 are unique, and two top ones are not unique. Let us consider the following
combination:
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All these graphs have second order poles in ε, whereas the combination Q is finite. The second and third graphs in Q
are calculated explicitly. The index of moved line is
α− a+ ω =
(
1
2
+
3η1
4
)
ε+O(ε2) + ω ≡ c1ε+ c2ω + ...
If we consider the case with c1 = c2 = 0 then we obtain Q = 0. Therefore, in the linear approximation it holds:
Q = C˜(c1ε+ c2ω) + ...
Now, our task is to find the coefficient C˜. The value Q is finite, therefore, it does not depend on the way of
regularization. We choose the regularization such as all the diagrams are calculated explicitly:
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In the linear approximation we have Q˜ = C˜cε+ ... with the same coefficient C˜. We use the fact that the graph of the
following type is calculated explicitly in arbitrary dimension:
Gn(m1, ...,mn; β1, ..., βn−1) ≡ q q q
q
q q
q
✄
✄
  
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where m1,m2, ...,mn are positive integers, and β1, ..., βn−1 are arbitrary numbers. For calculation of this diagram we
repeatedly apply the formula of integration by parts:
q q q
qz1
z2 z3
= 1d−2z1−z2−z3
{
z2
[ q q q
qz1 − 1
z2 + 1 z3
−
q q q
qz1
z2 + 1 z3
❅
❅
−1
]
+ z3
[ q q q
qz1 − 1
z2 z3 + 1
−
q q q
qz1
z2 z3 + 1
 
 
−1
]}
.
After computations we obtain
Q˜ =
(
−1
2
+ ζ(3)
)
cε+O(ε2)
where ζ(z) is the Riemann’s zeta function. It, therefore, holds C˜ = − 12 + ζ(3), and we receive the following result:
γ1|ω=0 = 8π
18
(2 + 3η1)3ε3
+
3π18((2 + 3η1)(3η1 − 26 + 16τ)− 24η2)
(2 + 3η1)4ε2
+
+
π18
4(2 + 3η1)5ε
[16(36τ2 − π2)(2 + 3η1)2 + 72τ(2 + 3η1)(9η21 − 72η1 − 52− 24η2)+
+ 3(81η41 − 1044η31 + 24η21(140− 9η2) + 16η1(373 + 171η2 − 18η3) + 48(45 + 40η2 + 12η22 − 4η3))]+
+
π18
32(2 + 3η1)6
[(9216τ3 − 47656 + 17076η1 − 2910η21 − 33η31)(2 + 3η1)3−
− 24(2 + 3η1)2(5116− 804η1 + 27η21)η2 + 7776(−18+ η1)(2 + 3η1)η22 − 69120η32+
+ 48(36τ2 − π2)(2 + 3η1)2(9η21 − 72η1 − 52− 24η2)+
+ 144τ(2 + 3η1)(81η
4
1 − 1044η31 + 24η21(140− 9η2) + 16η1(373 + 171η2 − 18η3) + 48(45 + 40η2 + 12η22 − 4η3))−
− 768τπ2(2 + 3η1)2 − 576(2 + 3η1)(−80− 114η1 + 9η21 − 48η2)η3 − 2304(4− 12η1 − 9η21)η4+
+ 16(2 + 3η1)
3(32 + 36η1 + 60η
2
1 + 21η
3
1)ζ(3)] +O(ε),
∂γ1
∂ω
∣∣∣∣
ω=0
= − 32π
18
(2 + 3η1)4ε4
− 8π
18((2 + 3η1)(3η1 − 40 + 24τ)− 48η2)
(2 + 3η1)5ε3
−
− π
18
(2 + 3η1)6ε2
[16(36τ2 − π2)(2 + 3η1)2 + 48τ(2 + 3η1)(9η21 − 114η1 − 80− 48η2)+
+ 297η41 − 1728η31 + 216(59− 3η2)η21 + 32(614 + 351η2 − 36η3)η1 + 48(143 + 162η2 + 60η22 − 16η3)]+
+
π18
2(2 + 3η1)7ε
[(13092− 2516η1 + 649η21 − 78η31 − 2304τ3)(2 + 3η1)3 + 8(36τ2 − π2)(2 + 3η1)2(80 + 114η1 − 9η21 + 48η2)+
+ 4(2 + 3η1)
2(10532− 1128η1 + 99η21)η2 + 864(136+ 198η1 − 9η21)η22 + 34560η32+
+ 12τ(2 + 3η1)(−297η41 + 1728η31 + 216η21(−59 + 3η2)− 32η1(614 + 351η2 − 36η3)− 48(143 + 162η2 + 60η22 − 16η3))+
+ 192τπ2(2 + 3η1)
2 + 432(2 + 3η1)
2(η1 − 18)η3 − 11520(2 + 3η1)η2η3 + 768(2 + 3η1)2η4+
+ 8(2 + 3η1)
3(−12 + 4η1 + 5η21 + 6η31)ζ(3)] +O(1)
where τ = γE + lnπ, and γE is the Euler’s constant.
Let us consider the diagram γ2. Similarly, we make the function Ψ:
γ2 = Ψγ
′
2
and we receive the following graph γ′2:
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To obtain η4 we need to compute three terms in ε for γ
′
2|ω=0 and two terms for ∂γ
′
2
∂ω
∣∣∣
ω=0
. After integrations of unique
vertexes we receive:
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a
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We consider the following combination:
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This combination is finite when ω = 0, and it has first order pole in ε at arbitrary ω. We introduce auxiliary diagram
ξ ≡ q q
q
q
✟✟
✟✟
✟✟
✟✟
❍❍❍❍❍❍❍❍✟✟
✟✟
✟✟
✟✟
❍❍❍❍❍❍❍❍
d
2
− 1 + c1ε+ c˜1ε
2
d
2
− 1 + c4ε+ c˜4ε
2
d
2
− 1 + c2ε+ c˜2ε
2
d
2
− 1 + c3ε+ c˜3ε
2
c5ε+ c˜5ε
2 + c6ω
.
It is finite at ε = ω = 0. Computations of γ2 with necessary accuracy are reduced to calculation of ξ up to the terms
of order ε2 and εω. We do calculations by using the methods described in [1, 6—9]. We obtain:
ξ = π6 + π6
[
−4 + 2τ +
(
5
3
− 2ζ(3)
)
c5
]
ε+ π6
(
5
3
− 2ζ(3)
)
c6ω+
+ π6
[
10 + 2τ(τ − 4)− π
2
6
+ c1 + c
2
1 + c2 + c
2
2 + c1c2 + c3 + c
2
3 + c4 + c
2
4 + c3c4+
+
(
10τ
3
+
π4
30
− 58
9
+
(
19
3
− 4τ
)
ζ(3) + c1 + c2 + c3 + c4
)
c5 +
(
5
3
− 2ζ(3)
)
c˜5 +
(
7
3
− ζ(3)
)
c25
]
ε2+
+ π6
[
10τ
3
+
π4
30
− 58
9
+
(
19
3
− 4τ
)
ζ(3) + c1 + c2 + c3 + c4 +
(
14
3
− 2ζ(3)
)
c5
]
c6εω + ...
5
The result for γ2 is the following:
γ2|ω=0 = 32π
36
(2 + 3η1)5ε5
+
4π36[(45η1 − 142)(2 + 3η1)− 120η2 + 96(2 + 3η1)τ − 12(2 + 3η1)2ζ(3)]
(2 + 3η1)6ε4
+
+
π36
30(2 + 3η1)7ε3
[960(72τ2 − π2)(2 + 3η1)2 + 24(π4 − 720τζ(3))(2 + 3η1)3
− 1440τ(2 + 3η1)((45η1 − 142)(2 + 3η1) + 120η2) + 5(2 + 3η1)2(31372− 19380η1 + 3555η21)
− 7200(2 + 3η1)(9η1 − 37)η2 + 129600η22 − 14400(2 + 3η1)η3 − 480(2 + 3η1)2((2 + 3η1)(9η1 − 56)− 36η2)ζ(3)] +O
(
1
ε2
)
,
∂γ2
∂ω
∣∣∣∣
ω=0
= − 128π
36
(2 + 3η1)6ε6
+
64π36[(113− 24η1)(2 + 3η1) + 108η2 − 72(2 + 3η1)τ + 6(2 + 3η1)2ζ(3)]
3(2 + 3η1)7ε5
+
+
2π36
45(2 + 3η1)8ε4
[−2880(72τ2 − π2)(2 + 3η1)2 − 48π4(2 + 3η1)3 − 5(2 + 3η1)2(105500− 44844η1 + 4995η21)+
+ 2880(2 + 3η1)(η1 − 347)η2 − 544320η22 + 51840(2 + 3η1)η3 + 120(2 + 3η1)2((2 + 3η1)(45η1 − 466)− 360η2)ζ(3)+
+ 5760τ(2 + 3η1)(226 + 291η1 − 72η21 + 108η2 + 6(2 + 3η1)2ζ(3))] +O
(
1
ε3
)
.
Let us consider the third order diagrams: γ31, γ32a, γ32b and γ32c. The function Ψ appears by the same way. The
rest graphs are the following:
γ′31 =
q qq q qq q qq✁ ✁ ✁❆ ❆ ❆
q qq q qq q qq❆ ❆ ❆✁ ✁ ✁
✓ ✏
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a a
a
a a
a
a a
a
a a
a
a a
a
a a
α α
α−a+ω α
α α α
α
, γ
′
32c = q✟❍qq 
 
❅
❅q
q
q
q
q
q
q
q
q
q
q
q
✁
❆
❆
✁
✁
❆
❆
✁
 
 
❅
❅qq q✟❍
✚
✚
✚
✚❩
❩
❩
❩
α−a+ω
a
a a
a
a a
a
a a
a
a a
a
a
a
a
a a
α
α
α
α
α α
α
.
To obtain η4 we need to find two terms in ε for these graphs at ω = 0 and the main approximation in ε at arbitrary
ω up to linear term in ω. Using analogical techniques we receive
γ31|ω=0 = 128π
54
(2 + 3η1)7ε7
+
16π54[(2 + 3η1)(5(51η1 − 122) + 432τ)− 504η2 + 32(2 + 3η1)2(2ζ(3)− 5ζ(5))]
(2 + 3η1)8ε6
+O
(
1
ε5
)
,
∂γ31
∂ω
∣∣∣∣
ω=0
= − 512π
54
(2 + 3η1)8ε8
− 128π
54[3(2 + 3η1)((11η1 − 36) + 24τ)− 96η2 + 4(2 + 3η1)2(2ζ(3)− 5ζ(5))]
(2 + 3η1)9ε7
+O
(
1
ε6
)
,
γ32a|ω=0 = γ32b|ω=0 = γ32c|ω=0 = 128(3ζ(3)− 1)π
54
3(2 + 3η1)7ε7
−
− 16π
54[(2 + 3η1)(6π
4 − 2160τ(3ζ(3)− 1)− 5(122− 51η1) + 15(706− 63η1)ζ(3)) + 2520(3ζ(3)− 1)η2]
45(2 + 3η1)8ε6
+O
(
1
ε5
)
,
∂γ32a
∂ω
∣∣∣∣
ω=0
=
∂γ32b
∂ω
∣∣∣∣
ω=0
= −512π
54(3ζ(3)− 1)
3(2 + 3η1)8ε8
+
+
128π54[(2 + 3η1)(3π
4 − 1080τ(3ζ(3)− 1) + 5(96η1 − 326) + 15(356− 27η1)ζ(3)) + 1440(3ζ(3)− 1)η2]
45(2 + 3η1)9ε7
+O
(
1
ε6
)
,
∂γ32c
∂ω
∣∣∣∣
ω=0
= −512π
54(3ζ(3)− 1)
3(2 + 3η1)8ε8
+
+
128π54[(2 + 3η1)(3π
4 − 1080τ(3ζ(3)− 1) + 25(21η1 − 64) + 15(356− 27η1)ζ(3)) + 1440(3ζ(3)− 1)η2]
45(2 + 3η1)9ε7
+O
(
1
ε6
)
.
For the fourth order graphs γ41 till γ49 we should calculate the main approximation in ε only. After making the
function Ψ it is sufficient to calculate the main term in ε of rest diagrams γ′4i at ω = 0 only. The singular contributions
appear with the integration of vertex functions, these contributions are equal to
Sing
(
πdH(a, a, α)H(α, a+ α′, a′)
)
=
2π6
(2 + 3η1)ε
.
6
Every diagram γ′4i has 8 vertex functions.
γ′4i =
(
2π6
(2 + 3η1)ε
)8
γ′′4i.
The graphs γ′′4i do not have any singularities, and we can calculate them directly in the dimension d = 6. We obtain
the following:
γ′′41 = q
q
q
q
q
q  
❅
❅  
 
❅
❅
q
q
2
2
2
2 2
2
2
2
2
2
= π18
[− 13 + ζ(3)] , γ′′42 = q
q
q
q
q
q  
❅
❅  
 
❅
❅
✓
✓
✓
✓❙
❙
❙
❙
q
q
2
2
2
2 2
2
2
2
2
2
= π18
[− 73ζ(3) + 103 ζ(5)] ,
γ′′43 = q
q
q
q
q
q  
❅
❅  
 
❅
❅q q
2
2 2
2
2
2
2
2
2
2
= π18
[− 73ζ(3) + 103 ζ(5)] , γ′′44 = q
q q
qq
q
❅
❅
❅  
 
 
✑
✑
✑
✑✑◗◗
◗
◗◗
✁
✁
✁❆
❆
❆
q
q
2 2
2 22 2
2
2
2
2
= π18
[− 73ζ(3) + 103 ζ(5)] ,
γ′′45 = q
q
q
q
q
q  
❅
❅  
 
❅
❅
q q2 2
2
2 2
2
2
2
2
2
= π18
[
1
3 +
10
3 ζ(3)− 103 ζ(5)
]
, γ′′46 = q
q
q
q
q
q  
❅
❅  
 
❅
❅q q2
2 2
2 2
2
2
2
2
2
= 103 π
18[ζ(3)− ζ(5)],
γ′′47 = q
q q
qq
q
❅
❅
❅  
 
 
✑
✑
✑
✑✑◗◗
◗
◗◗
✁
✁
✁❆
❆
❆
q
q
2
2
2
2
2 2
2
2
2
2
= 103 π
18[ζ(3) − ζ(5)], γ′′48 = q
q
q
q
q
q  
❅
❅  
 
❅
❅
✓
✓
✓
✓❙
❙
❙
❙
q
q2
2
2
2 2
2
2
2 2
2
= 103 π
18[ζ(3)− ζ(5)],
γ′′49 = q
q
q
q
q
q  
❅
❅  
 
❅
❅
✓
✓
✓
✓❙
❙
❙
❙
qq
2
22
2 2
2
2
2 2
2
= π18 [−4ζ(3) + 5ζ(5)] .
We use the notation: γ4s is the sum of all fourth order graphs with corresponding symmetry coefficients:
γ4s ≡ 3γ41 + 3γ42 + 6γ43 + 6γ44 + 3γ45 + 3
2
γ46 + 3γ47 + 3γ48 +
1
2
γ49.
We receive
γ′′4s = π
18
[
ζ(3) +
35
2
ζ(5)
]
and
γ4s|ω=0 = 2
8π72(2ζ(3) + 35ζ(5))
(2 + 3η1)9ε9
+O
(
1
ε8
)
,
∂γ4s
∂ω
∣∣∣∣
ω=0
=
210π72(2ζ(3) + 35ζ(5))
(2 + 3η1)10ε10
+O
(
1
ε9
)
.
3 Results.
After substituting the expressions for diagrams in (1) we obtain the result:
η =
2
9
ε− 172
729
ε2 +
(
16750
310
− 128ζ(3)
35
)
ε3 +
(
−3883409
314
− 11456ζ(3)
39
+
64ζ(4)
34
− 1280ζ(5)
37
)
ε4 +O(ε5), d = 6 + 2ε,
The three-loop approximation coincides with already known result for η [10, 11]:
η = −1
9
ǫ− 43
729
ǫ2 +
(
− 8375
22310
+
16ζ(3)
35
)
ǫ3 +O(ǫ4), d = 6− ǫ.
7
The four-loop result for η agrees with its numerical value obtained in [12]:
η = −0.1111ǫ− 0.0588ǫ2 + 0.0436ǫ3 − 0.081ǫ4 +O(ǫ5), d = 6− ǫ.
If we choose d = 6− ǫ, then our result will read:
η = −1
9
ǫ− 43
729
ǫ2 +
(
− 8375
22310
+
16ζ(3)
35
)
ǫ3 +
(
−3883409
24314
− 716ζ(3)
39
+
4ζ(4)
34
− 80ζ(5)
37
)
ǫ4 +O(ǫ5),
that is, η4 = − 388340924314 − 716ζ(3)39 + 4ζ(4)34 − 80ζ(5)37 = −0.07895... The numbers -0.081 and -0.07895 are very close.
In addition to the critical exponent η we found the renorm-invariant combination of amplitudes u:
u =
64
27π18
ε3 +
64(217− 162τ)
729π18
ε4 +
32(4814 + 36τ(−217 + 81τ) + 81π2 − 720ζ(3))
37π18
ε5+
+
32
315π18
[69182381+ 4271211π2 − 39366(−3906τ2+ 972τ3 − 2π4 + τ(4814 + 81π2 − 720ζ(3)))−
− 42655248ζ(3)− 12597120ζ(5)]ε6+O(ε7).
This expression deals with the coordinate of β-function’s zero in the special renormalization scheme:
g∗ ≡ πd(H(a, a, α))2 3
√
u =
4
3
ε− 428
243
ε2 +
(
43088
39
− 160ζ(3)
81
)
ε3+
+
(
−5994238
313
+
11288ζ(3)
38
+
80ζ(4)
27
− 1280ζ(5)
35
)
ε4 +O(ε5), d = 6 + 2ε.
The first term is invariant: g∗ =
4
3ε+ ... is true in any scheme. Next terms depend on scheme.
4 Conclusions.
Using the conformal bootstrap technique we have computed the critical index η of ϕ3 theory in 4-loop approximation
analytically. Three-loop analytical result [10, 11] and four-loop numerical one [12] were obtained earlier by using the
renormalization group equation. The evident advantage of the conformal bootstrap method is significant reduction
of the number of Feynman diagrams required to obtain result. However, this technique has disadvantages — it is
applicable for the models with triple bar vertexes and conformal invariance in critical regimes only. Though scientists
managed to apply this method for calculation of the index η of (ϕ2)2 theory within 1/n-expansion [5], one failed to
do this for construction of ε-expansion.
It would be interesting to modify the conformal bootstrap method for ϕ3 theory so that one could apply it directly
in the logarithmic dimension (d = 6) where conformal invariance is knowingly violated. Possible physical applications
of the ϕ3 model are the following: first kind phase transitions [13], critical behavior near the the Yang-Lee edge [14, 15].
There are some interesting formal aspects of cubic models [16].
One can hope that these techniques will be useful for investigation of infrared asymptotic for Yang-Mills theory of
gauge fields and describing the behavior of quarks and gluons at low energy.
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